Abstract. Relativistic thermodynamics is treated from the point of view of kinetic theory. It is shown that the generalized Jüttner distribution suggested in [1] is compatible with kinetic equilibrium. The requirement of compatibility of kinetic and thermodynamic equilibrium reveals several generalizations of the Gibbs relation where the velocity field is an independent thermodynamic variable.
Introduction
Relativistic thermodynamics is the less established among relativistic theories. The famous "imbroglio" of the temperature of moving bodies [2] indicate, that basic thermodynamic concepts may have contradictory explanation in relativity theory. The first generalization of thermodynamics in a relativistic framework was the proposal of Planck and Einstein [3, 4] , and were questioned by several critical approaches more than half century later [5, 6, 7, 8] . These suggestions seemingly exclude each other, but their arguments are convincing enough to provoke a longstanding discussion that continues even today [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] . On the other hand the experimental measurement of temperature of fast moving bodies is an everyday practice in astrophysics and cosmology [20, 21] and in heavy ion physics [22, 23] and one can deal with thermal aspects seemingly without apparent problems. From mentioned investigations it is clear that the problem requires more than a covariant form of the physical quantities and the Gibbs relation, or a definition of thermodynamic bodies (moving boundaries, etc.). The interpretation of thermodynamic equilibrium among interacting bodies seems to be the most important aspect.
The history of temperature of moving bodies shows, that the problem cannot be analysed by argumentation based exclusively on thermodynamics and special relativity. Moreover, statistical mechanics alone does not give a definite answer, statistical explanations were given to all of the previous different views providing different interpretations of the macroscopic quantities [15, 8] . The reason is that the problematic point is somehow outside the usual realm of equilibrium theories. The key aspect is the interaction of moving bodies, the thermodynamics of the moa e-mail: vpet@rmki.kfki.hu tion. Therefore the problem is best investigated in the framework of classical field theories -like continuum (hydrodynamics) or kinetic theories -where this aspect is the part of the theory and equilibrium and thermodynamic equilibrium is motion related. However, one should be aware, that both in hydrodynamics or in kinetic theory the definition of equilibrium is a starting point where several basic physical quantities are interpreted, and thermodynamics and thermodynamic equilibrium plays a key role.
In our previous research we investigated stability and causality in relativistic hydrodynamics. A detailed analysis of the Second Law revealed [24] that assuming acceleration independent entropy production the local rest frame entropy density may depend on the absolute value of the energy momentum vector s( √ E a E a , n), where E a = u b T ab , with u a is the four velocity of the fluid and T ab is the energy-momentum density tensor. Then the consequent Gibbs relation can be written as
Here e = u a T ab u b is the local rest frame energy density, and q a = ∆ ab E b is the momentum density. In the usual treatment the second term of the left hand side is missing, the entropy depends only on the energy density and particle number density s(e, n). Our generalization eliminated the generic instability of the original Eckart theory [25] and we have proved that the stability is independent of any flow frames like Eckart or Landau-Lifshitz. The conditions are the nonnegativity of the transport coefficients and thermodynamic stability, the concavity of the entropy density. This is in strong contrast to the usual theory of Eckart, which is unstable [26] , or to the Israel-Stewart theory, where there are several complicated and counterintuitive conditions beyond the above mentioned natural requirements [27, 28] . Other different recent investigations do not give similar stability properties [29, 30, 31] .
Motivated by the previous results, and with the help of a generalized internal energy and modified basic thermodynamic relations, we have analysed the problem of relativistic temperature transformations from the point of view of relativistic hydrodynamics. A homogenization of the energy-momentum balance shows that the entropy can depend directly on the energy-momentum vector of the body S(E a , V ) and results in the following form of the Gibbs-relation:
where S and V are the entropy and volume of the body and g a is the four-vector intensive quantity conjugated to the total energy-momentum four vector.
Here we did not consider changes in particle number and assumed a constant velocity. The thermodynamic body was interpreted as a homogeneous continuum, where the local rest frame is synchronized and we required also a constant average velocity. The above relation implies that the entropy may depend on the energy momentum vector and not only on its absolute value. We have deduced that g a is timelike and not necessarily parallel to the velocity of the body. The appearance of a perpendicular component resulted in nontrivial conditions for thermodynamic equilibrium of two thermodynamic bodies. In case of a single body one may sit into a preferred frame, determined by the energy-momentum vector, but for interacting bodies we should consider the energy-momentum of each, therefore we do not have this possibility. The condition of equilibrium requires the equality of the temperatures and the composite velocities, determined by the vectorial intensive quantity. These velocities are not identical to the velocities of the respective bodies [1] . With this result we could give a physical background of the historical temperature transformation formulas of Einstein-Planck, Blanusa-Ott and Landsberg. Moreover, the experimentally observed Dopplerlike transformation of the spectral temperatures was derived, too [32, 13, 14] .
The point of view of a related, but more general theory was essential. On the other hand the second form of the Gibbs relation (2) is more general than the first one (1): the entropy depends on the energymomentum vector, not only on its absolute value. Therefore in this paper we look for an independent, but related theory, and investigate whether kinetic theory is compatible with the generalized thermodynamic relations (1) and/or (2) . In these researches we focus on the following aspects of the basic problems: What is the meaning of the rest frame in the form of the thermodynamic relations? How can one distinguish dissipative and nondissipative parts of physical quantities? These questions appear as the choice of flow-frames (like Eckart or Landau-Lifshitz) in relativistic hydrodynamics, arise as the existence of Brenner diffusion velocity in non-relativistic hydrodynamics [33] , are at the root of the temperature transformation paradox and in its most general form they are related to the very meaning of covariance and the existence of absolute objects in relativistic theories [34, 35] .
Basic hydrodynamics and the separation of dissipative and non-dissipative
In the following the Lorentz form is diag(1, −1, −1, −1) and the units are chosen that speed of the light and the Boltzmann constant are one c = 1, k B = 1. For one component fluids, the basic macroscopic fields are the particle number density four vector N a , the entropy density four vector S a and the energy momentum density tensor T ab . The particle number and the energy-momentum are conserved in the following investigations, therefore
However, the entropy is not conserved, the entropy production is zero only in thermodynamic equilibrium:
With the help of a velocity field u a (x b ) the particle number and entropy density four vectors and the energy momentum density tensor can be expressed by local rest frame quantities as
Here the four component physical quantities are splitted to parallel and perpendicular components to the local velocity, timelike and spacelike components in the local rest frame. n := N a u a is the particle number density, j a := ∆ ab N b is the diffusion current, s := S a u a is the entropy density, J a := ∆ ab N b is the entropy current, e := u a T ab u b is the energy density,
is the momentum density (and the energy current) and
T cd is the pressure tensor. Here we have introduced the u-orthogonal projection
The energy-momentum tensor is symmetric and therefore the pressure tensor is also symmetric and the momentum density and the energy current are equal. Moreover, in addition to these usual local rest frame quantities we have introduced the energy-momentum vector E a := u b T ab and the energy-momentum current density Q ab := ∆ a c T cb in order to clearly distinguish between momentum density q a := ∆ a b E b and energy current q a := u b Q ab . The forms (6)-(8) conveniently express the particle number density four vector and the energy-momentum density tensor with the help of local rest frame quantities relative to a velocity field.
The balances (3)-(4) can be written as
where the dot denotes the derivative along the world lines of the velocity field (substantial time derivative)
It is considered as an evident fact that we can additively decompose the particle number density four vector and the energy-momentum tensor into a nondissipative and a dissipative part. We usually assume, that these parts are easily distinguished in the local rest frame, because there the non-dissipative particle number density four vector N a 0 is parallel to the velocity and the non-dissipative energy momentum tensor T ab 0 is diagonal:
Here p 0 is the static, scalar pressure, determined by the static equation of state of the fluid. Therefore the diffusion current density j a is the dissipative part of the particle number density and the momentum density/energy current q a and the difference of the total and the equilibrium pressure Π ab = P ab + p 0 ∆ ab -the viscous pressure -are the dissipative parts of the energy momentum. Let us observe that with this splitting the distinction of dissipative and non-dissipative parts of the physical quantities is related and depends on the local rest frame, the velocity field of the continuum and requires a particular thermostatics to determine the static pressure. However, the dissipation is principally defined by the entropy production, and therefore implicitly related to the background thermostatics, that is to the concept of local equilibrium. On the other hand, in case of dissipation the rest frame is not determined by the local thermodynamic equilibrium, neither by any special form of the physical quantities. One can get restrictions of the possible equilibrium entropy four vector considering simply that general information [36] . Moreover, one may consider to extend the thermodynamic state space by the velocity field. In this case a pure continuum approach is based on the entropy inequality and requires some special mathematical methods (Coleman-Noll or Liu procedures [37, 38] ).
In this paper we choose an other way and consider kinetic theory as a general background. We will explore whether the previously mentioned generalized relativistic thermostatics introduced by pure phenomenological arguments is compatible with kinetic theory.
Equilibrium in kinetic theory
For the sake of simplicity we consider here a single component Boltzmann gas without external fields, where the momentum vector of a particle is p a and its mass is m = √ p a p a . The Boltzmann equation for the one particle distribution function f (x a , p a ), is
Here ∂ a denotes the partial derivative of f regarding the spacetime event x a and C(f ) is the following collision integral:
where dω = ) after the collision. The particle number density vector, the energymomentum density tensor and the entropy density vector are defined as
The balances of these fields are calculated from the Boltzmann equation (see e.g. [39] ), exploiting the property that due to the microscopic conservation laws a linear combination of a constant and the momentum four vector ψ(x a , p a ) = a(x a ) + b a (x b )p a is a collision invariant, does not change in collisions:
As a consequence of this property the conservation of the number of particles (3) and energy-momentum (4) follow.
We may calculate the entropy production, too. Assuming momentum independent force fields and unitary scattering matrices we get a local form of the H-theorem:
This entropy production vanishes if and only if the distribution function satisfies the simple functional relation:
We assume that the distribution function tends to a definite limit as time progresses and the system develops into an equilibrium state where the entropy attains its maximum value. This condition, together with the requirement, that the equilibrium distribution function must be a solution of the transport equation uniquely determines its form.
In case of binary collisions the momenta satisfies the conservation of energy-momentum
Moreover, the local equilibrium distribution function f 0 satisfies the functional relation (19) . Therefore the logarithm of the equilibrium distribution function is a collision invariant, and necessarily has the form
with arbitrary space-and time-dependent parameters α(x b ) and β a (x b ). Let us remark, that the equilibrium distribution function is not a solution of the transport equation without any further ado. Substituting into (13) we get, that α and β a must satisfy
Global equilibrium is defined by the requirement, that this equation must be an identity for arbitrary values of p a . This implies simple initial (boundary) conditions and gives that α is a constant field and β a obeys the Killing equation:
Local equilibrium considers more involved initial (boundary) conditions of the transport equation and the consequent macroscopic balances are used to interpret and evaluate the equilibrium fields through the equations (15)- (16) . With the help of the equilibrium distribution function we may calculate the particle number balance:
In order to get thermodynamic relations one can calculate the Boltzmann-Gibbs entropy with the equilibrium distribution (21) , too: (24) and (25) results in
The above relations indicate a kind of Legendre transformation between the formulas (24) and (26) .
However, (26) cannot be interpreted as a generalized Gibbs-relation, we cannot consider the divergences as differentials without any further ado. This relation alone does not fix the the entropy as a function of energy-momentum and particle number density. The reason is that the divergences are special derivatives and therefore the tensorial order of the coefficients α and β a is lower than would be in case of a natural functional relation of the differentials. We will see that several different Gibbs relations are compatible with (26) . On the other hand, we may recognize, that (26) is the balance of entropy constrained by the balances of the particle number density and the energy-momentum, where α and β a are Lagrange multipliers.
1
The above formulas define the relation of kinetic theory and thermodynamics. Now we want to find the most general form of this correspondence.
Thermodynamics and kinetic theorynatural frame
According to the usual interpretation of the equilibrium fields the absolute value of the vector β a is the reciprocal temperature, its direction gives the velocity fieldû a and α is the chemical potential over the temperature:
In this special case (21) is the classical equilibrium distribution of Jüttner [42] , the relativistic generalization of the non-relativistic Maxwell-Boltzmann distribution:
The momentum space integral defining the equilibrium particle number density exist only if β a is a timelike vector [43] . Therefore the particle number density four vector N a 0 in equilibrium is proportional to β
where A is a scalar field. This observation is the reason, why in local equilibrium one may expect zero diffusion current density j a = ∆ a b N b = 0. In this case it is possible to define a velocity field by particle number density four vector assuming, that N a 0 =nû a = Aβ a , wheren is the equilibrium local rest frame particle number density. In this case the vector β a is parallel to the (equilibrium) velocity field, and
1 That later interpretation is important also beyond equilibrium, where (26) is an inequality, therefore α and βa are Lagrange-Farkas multipliers [40, 41] .
are consistent definitions. We will call this choice of the velocity field as natural equilibrium frame.
A similar calculation gives the equilibrium energymomentum tensor. Together with the particle number balance they are written as
Here the diagonal form is the consequence of the special distribution function and we obtain the usual relations [22, 39] :
Substituting (29) and (32) into (25) we get
Therefore the direction of the entropy four vector is parallel to the natural velocity field. Substituting (31) and (32) into (26) results in
We may require that the equality is valid for arbitrary velocity fields and velocity gradients. Therefore the expression in parenthesis at the second line of the previous formula gives that the entropy density in the natural local rest frame is the function of the energy density and the particle number densityŝ =ŝ(ê,n) and the partial derivatives are:
The consequent classical Gibbs relation for the differentials reads: dê =T dŝ +μdn.
The second line of (37) gives the potential relation, fixing the Legendre transformation properties and defining the pressure:p :=Tŝ +μn −ê.
Hence the thermodynamic interpretation of the kinetic quantities is complete and one may get the GibbsDuhem relation, by the total Legendre transformation of (39): dp =ŝdT +ndμ.
(41) Finally we should recognize, that according to (36) , the corresponding material is an ideal gas, providing the relationp =Tn.
One can observe, that in the natural frame interpretation we have defined a convenient four velocity field and hence a rest frame of the material and all the thermodynamic quantities and relations are defined relative to that.
Thermodynamics and kinetic theorygeneral frame
We may assume, that the velocity field u a of an ideal fluid is not parallel to β a . We will call this choice of the velocity field as general equilibrium frame. In this case β a can be decomposed into parallel and perpendicular components:
where we have used the notation It is convenient to introduce also g a = u a + w a . We can see that g a u a = 1 and w a u a = 0, moreover w a w a < 1, because β a and therefore g a are timelike. Now the equilibrium distribution can be written as
Then we can calculate the equilibrium particle number four vector and also the energy momentum tensor, recognizing, that the relations of the different quantities in natural and general frames are
where w 2 = −w a w a . Then the equilibrium particle number four vector N a 0 and energy-momentum tensor T ab 0 can be written in the general frame as
where
e =ê +pw
EPJ Web of Conferences
The energy and particle number densities and the pressure can be calculated from the corresponding forms in the natural frame. Substituting (45) and (46) into (25) we get
where we have introduced µ := √ 1 − w 2μ . The entropy current density in the general frame is parallel to g a . The thermodynamic relations are calculated by substituting (33) and (35) into (26), initially assuming only that S a = sg a :
The second line of the previous expression shows, that the entropy density in the natural local rest frame is the function of the particle number density, the energy-momentum density four vector and the velocity s = s(E a , n, u a ). The related partial derivatives are:
The consequent Gibbs relation for the differentials is:
According to this relations, the change of the velocity directly contributes to the thermodynamic quantities. The expression in the parenthesis of the third line of (53) is the potential relation, fixing the Legendre transformation properties as:
Then the Gibbs-Duhem relation follows:
Finally (52) shows, that the corresponding material is an ideal gas, providing the relation p = T n. This equation of state does not change, is the same both in the natural and general frames.
One can check the above expressions directly, recognizing, that
Here g = √ 1 − w 2 = √ g a g a . However, these relations alone, without the constrained entropy balance (26) , are not enough to fix a unique form of the differentials.
One may see more the role of the pressure and the velocity change -the acceleration -related term in the Gibbs relation (55), if the energy-momentum density vector is written in the form E a = eu a + q a . In this case we get
Therefore taking into account (50) we can free ourselves from the direct pressure and velocity dependence and get
In this relation the velocity field dependence is not apparent.
Summary and conclusions
It is well known, that thermodynamic relations are fixed to the material and therefore they are best expressed by rest frame quantities. This is a hidden aspect in nonrelativistic hydrodynamics [44] , but an apparent property of relativistic theories. In thermodynamic equilibrium there is a single, distinguished velocity field, and a corresponding rest frame, where all motion related physical quantities are simple.
In this paper we have investigated whether a novel concept of relativistic thermodynamics based on a generalized Gibbs relation is compatible with kinetic theory. Kinetic theory distinguishes a natural frame, a velocity field in equilibrium, fixed by the direction of β a . The entropy and particle number density four vectors are parallel to this velocity and the energy-momentum density generated accordingly. Therefore this natural frame corresponds both to Eckart and Landau-Lifshitz frames of dissipative fluids [45, 46] . In a natural frame the thermodynamic relations are very similar to the nonrelativistic ones.
However, one may introduce a general frame, a velocity field independently of β a , and investigate the consequent thermodynamic relations. The calculations are transformations of the equations calculated in the natural frame, but the resulted thermodynamic relations contain additional terms. In particular the energymomentum vector appears as a natural variable -similarly to (2) -and the velocity field plays an explicit role in the relations.
Therefore we have shown that kinetic theory is compatible with the generalized Gibbs relation suggested to resolve stability problems of hydrodynamics and paradoxes related to the temperature of moving bodies. The direct velocity dependence of the Gibbs relation (55) in the general frame generalizes our previous results, where we either assumed that the entropy production is independent of acceleration [24] or considered a thermodynamic body moving with a uniform velocity [1] .
If (55) (and (56)) are introduced in a hydrodynamic theory, the concept of local equilibrium is modified. Because the constitutive relations of dissipative fluids (viscosity, heat conduction, etc..) express the tendency toward local equilibrium, the entropy production and thermodynamic fluxes and forces can be modified, too.
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